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Abstract
The chiral Lagrangian including more than two spin-3/2 elds be-
comes complex in general when the self-dual connection satises its equa-
tion of motion, and the imaginary part of the chiral Lagrangian gives the
additional equation for spin-3/2 elds which gives rise to the inconsis-
tency. This inconsistency can be removed by taking the tetrad to be
complex and dening the total Lagrangian which is the sum of the chi-
ral Lagrangian and its complex conjugate. It is possible to establish the
right (left)-handed supersymmetry in its total Lagrangian as in the case
of the chiral Lagrangian. We also comment on the canonical formulation
of the total Lagrangian.
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The Ashtekar refomulation of canonical gravity [1]-[4] can be derived from the
chiral Lagrangian in which a tetrad and a complex self-dual connection are regarded
as independent variables. Although the chiral Lagrangian is complex, its imaginary
part vanishes in the source-free case when the tetrad is assumed to be real and the
equation of self-dual connection is satised: The chiral Lagrangian then reduces to
the Einstein-Hilbert Lagrangian. If the matter terms of integer spin elds exist,
the chiral Lagrangian also becomes real as in the source-free case, because the La-
grangian of integer spin elds does not contain the self-dual connection. Moreover,
it has been shown for spin-1/2 elds [4, 5] and simple supergravity [3, 6, 7] that the
imaginary part of the chiral Lagrangian vanishes (up to a total divergence term).
But in general, the chiral Lagrangian becomes complex for more than two spin-3/2
elds, and its imaginary part gives the additional equation for spin-3/2 elds which
gives rise to the inconsistency [8]. We suggest in this letter one of the possible ways
to evade the inconsistency of matter eld equations.
We consider a spacetime manifold with a metric g
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where the  operation means the duality operation in Lorentz indices.
1
In order
to see the inconsistency of matter eld equations, let us take N -(Majorana) Rarita-





with I running from 1 to N) as example. The chiral
Lagrangian density L
(+)













is the chiral gravitational Lagrangian density constructed from the tetrad




















Greek letters ; ;    are space-time indices, and Latin letters i, j,    are local Lorentz indices.
We denote the Minkowski metric by 
ij
= diag( 1;+1;+1;+1). The totally antisymmetric tensor

ijkl
is normalized as 
0123









where the unit with 8G = c = 1 is used, e denotes det(e
i
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On the other hand, L
(+)
RS
is the chiral Lagrangian density of N -(Majorana) Rarita-
Schwinger elds, which is obtained by assuming that the elds  

are minimally













































standing for the Lorentz generator.
When the self-dual connection satises its equation of motion, the imaginary
part of L
(+)
vanishes for N = 1, while it does not vanish for N  2. To see this,
vary the L
(+)




















































































































































If the tetrad is real, substituing the solution of (8) back into the L
(+)
of (2) gives






























where we denote the indices I; J explicitly. Now the ImL
(+)
of (10) does not van-
ish except for N = 1. This non-vanishing ImL
(+)






= 0 in general, besides the Einstein equation and the Rarita-Schwinger
equation obtained by taking variation of ReL
(+)
with respect to the tetrad and the




arises and the matter eld equations generally become inconsistent.
2
In order to remove this inconsistency of matter eld equations, one could take
L
(+)
to be analytic for all elds; namely, the complex tetrad, the self-dual connection,




. If we follow this procedure and
take the tetrad to be complex in the Lagrangian of spin-1/2 elds, we have to take  
and  to be independent in order to keep the matter eld equations consistent. But
 and  cannot be independent in QED or QCD, because if they are independent,
the electric current, for example, will become complex.
So we adopt the following procedure as a simplest way to eliminate the term of
(10): Namely, we add the complex conjugate of the chiral Lagrangian density, L
(+)
,
to the Lagrangian density L
(+)










Here we take the tetrad to be complex, because if the tetrad is real, L
tot
reduces
to the Lagrangian for ordinary Einstein gravity. The basic variables in L
(+)
are the
complex tetrad, the self-dual connection, the spinor elds  and its Dirac conjugate
 , while the basic variables in the L
tot
of (11) are the set of Q = (e;A
(+)
;  ) and
their complex conjugate Q.



























describes the sum of complex general relativity and its complex conjugate
when the self-dual connection (and its complex conjugate) satises its equations
of motion. In the case of N -(Majorana) Rarita-Schwinger elds coupling, since the




This inconsistency cannot be removed only by taking the tetrad to be complex in L
(+)
, because
all terms in L
(+)
(up to the term of (10)) merely becomes to be complex, and so the additional
equations of  
I

also appear as in the case of the real tetrad.
4
Accordingly, the inconsistency of matter eld equations disappears. Furthermore we
can show that L
tot
describes the sum of complex Einstein gravity with four-fermion
contact terms and its complex conjugate, after the equation of self-dual connection
(and its complex conjugate) is solved.
The right (left)-handed supersymmetry in the chiral Lagrangian for N = 1 su-
pergravity has been established [3, 6, 7]. In the same way, it is possible to establish
right (left)-handed supersymmetry in L
tot




in (5) to be independent and dene the total Lagrangian density of (Majorana)







































































































). The minus sign in (15) means
the appearance of negative energy states.
The total Lagrangian density L
tot
, which is the sum of (12) and (13), is invariant


























































































































































































is the curvature of antiself-dual connection. The commutator algebra


































































, the algebra of (20) coincides
with that of N = 1 supergravity [9]. The commutator algebra on (Majorana) Rarita-
Schwinger elds is now being calculated.
Finally we comment on the canonical formulation of L
tot
in the source-free case.
Although the Lagrangian L
tot




canonical formulation of L
tot
in the source-free case can be expressed by using real
canonical variables in a simple form. We assume spacetime manifold to be topologi-






































































)  0 (24)
6
are the Gauss, vector and Hamiltonian constraint, respectively, with 
(+)ija
the





The trace in (21) to (24) is dened as











































and split the N
a




















































































)  0 (31)
H := H
(+)


















)  0 (33)
with the  operation meaning the duality operation in Lorentz indices. These con-
straints of (29) to (33) form a rst-class set, because the constraints of (22) to (24)
are rst-class. The canonical formulation of (28) is just the SO(3; 1;R) theory which
is derived from a viewpoint of generalization of the SO(3;C) Ashtekar formulation
[10].
In the source-free case, the canonical formulation of L
tot
is equivalent to that of
L
(+)
. When (Majorana) Rarita-Schwinger elds are coupled, however, the canonical
formulation of L
tot
may possibly dier from that of L
(+)
, because the term of (10)
has canceled with its complex conjugate in L
tot
. The canonical formulation of L
tot
including (Majorana) Rarita-Schwinger elds is under study.
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Latin letters a, b,    are spatial indices on .
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